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Potential realization of a quantum thermometer operating in the nanokelvin regime, formed by a
few-fermionic mixture confined in a one-dimensional harmonic trap, is proposed. Thermal states of
the system are studied theoretically from the point of view of fundamental sensitivity to temperature
changes. It is pointed out that the ability to control the interaction strength in such systems allows
obtaining high-temperature sensitivity in the regime where the temperature is much lower than the
characteristic temperature scale determined by a harmonic confinement. This sensitivity is very close
to the fundamental bound that involves optimal engineering of level separations. The performance
of practical measurement schemes and the possible experimental coupling of the thermometer to
the probe are discussed.
I. INTRODUCTION
The variety and sophistication of present-day temper-
ature measurement techniques are stunning [1]. While
most practical techniques rely on the quantum features
of matter or light in an indirect way, the recent rapid
development of quantum technology related to exper-
imental techniques opened both new possibilities and
challenges to temperature measurements. Among oth-
ers, sub-millikelvin thermometry techniques have been
developed for the purpose of assessing the efficiency
of cooling in ion trap experiments [2, 3], properties of
nitrogen-vacancy centers have been utilized for high sen-
sitivity all-optical thermometry with potential applica-
tion in biomedical research [4, 5], and new techniques
to measure a temperature of quantum dots [6–9], cold
degenerate quantum gases [10], optomechanical systems
[11], atoms in optical lattices [12], or quantum impurity
in Bose-Einstein condensates [13] have been proposed. In
parallel, there has been a growing interest in understand-
ing theoretical limits to temperature estimation precision
from a fundamental point of view of quantum estimation
theory [14–24]. Most prominently, in [17] the optimal
level structure for an M -level thermalized quantum sys-
tem was identified that leads to the highest sensitivity to
temperature changes. The structure consists of a single
non-degenerate ground state and an M − 1 fold degen-
erate excited state with an energy gap proportional to
the temperature. It turns out that an energy structure
withM isolated levels is naturally present in the systems
of two-component fermionic mixtures confined in a one-
dimensional harmonic traps [25, 26]. Although the level
structure is different from the optimal one predicted in
[17], these kinds of systems can be deterministically pre-
pared, precisely controlled, and deeply analyzed in nowa-
days experiments [27–30]. In consequence, a brand new
path of exploration of few-body problems in the context
of ultra-cold atoms is opened (for review see for example
[31, 32]).
Motivated by these observations in this paper, we
study temperature sensitivity of a fully thermalized sys-
tem consisting of a few interacting fermions in a harmonic
trap, already thermalized with the probe. In case of
noninteracting particles and in the very low-temperature
limit, where kBT  ~Ω (Ω being the harmonic trap fre-
quency) small variations of temperature will not affect
the harmonic trap populations. However, the possibility
to tune the interaction strength in such systems allows
changing the energy level structure in such a way that
the lowest energy states become almost degenerate with
a well-controlled energy gap. We show that this system
manifests temperature sensitivity that approaches sur-
prisingly close the fundamental theoretical bound from
[17]. Furthermore, while optimal measurement extract-
ing the full temperature information may not be practi-
cal, we show that simple single-particle population mea-
surements still allow reaching high-temperature sensi-
tivities surpassing the non-interacting reference case by
many orders of magnitude.
The paper is organized as follows. In section II we com-
ment on fundamental bound for the accuracy of the tem-
perature measurements in the language of the Quantum
Fisher Information (QFI). Next, in section III we intro-
duce an experimentally realizable quantum thermometer
formed by an ultra-cold two-component mixture of a few
fermions confined in a harmonic trap and we compare
its QFI with the optimal system considered in [17]. In
section IV we discuss three different protocols indicating
an experimentally accessible measurement. We also de-
liberate on a possible coupling of the thermometer to a
probe of unknown temperature. Finally, we conclude in
section V.
II. THE FUNDAMENTAL BOUND
Let us consider an M -level quantum system prepared
in a thermal state described by the density matrix
ρˆT =
1
Z e
−βHˆ =
1
Z
M∑
i=1
e−βEi |Ei〉〈Ei|, (1)
where |Ei〉 are eigenstates of the system Hamiltonian Hˆ
with respective energies Ei, β = 1/kBT , and the partition
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2function Z = ∑i e−βEi . The maximal information on
temperature variations that can be extracted from this
state is quantified with the Quantum Fisher Information
(QFI) [33, 34]:
FQ(ρˆT ) = 4
∑
m,n
pm
|〈Em|∂T ρˆT |En〉|2
(pm + pn)2
=
∆H2
T 4
, (2)
where pi = 〈Ei|ρˆT |Ei〉 = Z−1e−βEi and ∆H2 =
Tr[ρˆT Hˆ2] − Tr[ρˆT Hˆ]2 is the variance of the thermal ex-
pectation value of the system Hamiltonian [35]. In the
energy eigenbasis this coincides with the classical Fisher
Information (FI) for the state energy probability distri-
bution
FQ(ρˆT ) = F({pi}) =
∑
i
1
pi
(
dpi
dT
)2
. (3)
Given ν repetitions of an experiment, the QFI yields a
fundamental lower bound on the minimal temperature es-
timation precision via the quantum Cramér-Rao inequal-
ity
∆T ≥ 1√
νFQ
. (4)
The bound can always be saturated in the ν →∞ limit,
and in the considered case the optimal measurement is
the measurement in the energy eigenbasis.
As discussed in [17], for a given temperature T , the
optimally engineered level structure in a M -level system
leads to the following QFI and the respective temperature
sensitivity bound (we write it here in a bit more explicit
way than in the original paper):
FmaxQ (T ) =
f(M)
T 2
,
∆T
T
≥ 1√
f(M)
, (5)
where f(M) = (M − 1)(M − 1 + ex)−2exx2, while x ≥ 0
is the solution of the following transcendental equation
ex = (M − 1)(2 + x)/(2 − x). To get an intuition on
the above result, we inspect the M → ∞ limit in which
case x ≈ lnM , and f(M) ≈ (lnM)2/4. Consequently,
∆T/T ≥ 2/ lnM reflects a logarithmic reduction of the
relative uncertainty of temperature measurements with
the increasing size of the system. The optimal level struc-
ture leading to the above QFI involves a single ground
state and an M − 1 degenerate excited state with the
optimal energy gap equal to E2 − E1 = x kBT [17].
Eq. (5) can be regarded as the fundamental bound
for thermometry utilizing thermalized quantum states.
Note, however, that there are other approaches to ther-
mometry that assume non-thermalized thermometer sce-
narios, such as e.g. temperature influencing indirectly
the phase of light traveling through an interferometer
[14, 18] or temperature affecting the dissipative character
of quantum state evolution [15]. In such scenarios, one
will arrive at different model-specific bounds for tempera-
ture estimation which often involve non-trivial optimiza-
tion over a large class of input probe states. In case of
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FIG. 1: Energy spectrum of the many-body Hamiltonian (6)
for different number of particles as a function of interaction
strength g. Note the quasi-degeneracy of the many-body
states for strong repulsions. The energies and the interac-
tion strengths are measured in units of ~Ω and (~3Ω/m)1/2,
respectively.
thermometry utilizing thermalized quantum states that
we consider here, the only mean of adjusting the probe
state is via modification of the level structure of the sys-
tem. While this may be viewed as a deficiency of the
approach, as we do not benefit from the typical quan-
tum metrological enhancements offered by entangled or
squeezed states, the advantage here is that the consid-
erations are model-independent and they are based on
a simple and natural physical assumption of thermaliza-
tion.
III. THE SYSTEM
The considered energy level structure with quasi-
degeneracy is naturally present in the system of in-
teracting two-component mixture of a few ultra-cold
fermions confined in a one-dimensional harmonic trap,
where Hamiltonian reads [25, 26]:
Hˆ =
∑
σ
∫
dx Ψˆ†σ(x)
(
− ~
2
2m
d2
dx2
+
mΩ2
2
x2
)
Ψˆσ(x)
+ g
∫
dx Ψˆ†↓(x)Ψˆ
†
↑(x)Ψˆ↑(x)Ψˆ↓(x). (6)
Here, Ψˆσ(x) is a fermionic field operator correspond-
ing to the component σ ∈ {↑, ↓} and obeying anti-
commutation relations, {Ψˆσ(x), Ψˆ†σ′(x′)} = δσσ′δ(x− x′)
and {Ψˆσ(x), Ψˆσ′(x′)} = 0. Interaction strength g is an ef-
3fective parameter related to the three-dimensional s-wave
scattering length between atoms and it can be tuned ex-
perimentally with a huge accuracy almost on demand
[27, 28, 36–38]. The Hamiltonian (6) commutes with
the operators counting numbers of particles in a given
spin Nˆσ =
∫
dx Ψˆ†σ(x)Ψˆσ(x). Consequently, a whole
analysis can be performed in subspaces of given num-
ber of particles in individual components N = N↑ +N↓.
It is convenient to perform an analysis in the basis of
single-particle orbitals ϕi(x) being eigenstates of the cor-
responding single-particle Hamiltonian. In this basis the
many-body Hilbert space is spanned by Fock states con-
structed as
|Fk〉 ≡ |n1, n2, . . . ;m1,m2, . . .〉
∼ (aˆ†↑1)n1(aˆ†↑2)n2 · · · (aˆ†↓1)m1(aˆ†↓2)m2 · · · |vac〉, (7)
where operator aˆσi annihilates a particle with spin σ in a
state ϕi(x). Due to the fermionic statistics and conserved
numbers of particles following constrains have to be ap-
plied ni,mi ∈ {0, 1},
∑
i ni = N↑ and
∑
imi = N↓. We
perform numerically exact diagonalization of the Hamil-
tonian (6) in the Fock basis {|Fk〉} appropriately cropped
to states with the lowest energies [39, 40]. In this way
we obtain the lowest many-body eigenstates |Ei〉 and cor-
responding eigenenergies Ei (see Fig. 1). The most pro-
nounced feature of the spectrum is the quasi-degeneracy
of the ground-state manifold in the regime of strong in-
teractions, with degeneracy M = N !N↓!N↑! [25, 41]. Intu-
itively, the larger degeneracy the higher sensitivities can
be expected, but only in the regime where kBT is com-
parable with the energy width of the degenerated man-
ifold corresponding to a given g. For a given number of
particles N the largest degeneracy is to be expected for
balanced partition of particles into different spin compo-
nents, N↓ = N↑ = N/2, and in the following, we focus on
this configuration with N = 4. Qualitatively, the behav-
ior for other cases will be analogous, but some appropri-
ate rescaling of the QFI needs to be performed, according
to the change in the number of quasi-degenerate states.
IV. MEASUREMENT PROTOCOLS
In order to get an understanding of the maximum po-
tential temperature sensitivity of the system, in Fig. 2 we
plot QFI as a function of temperature for different g. We
also provide the envelope curve (solid blue) which corre-
sponds to the ultimate limit where g is optimally chosen
for a given temperature in order to assure the energy gap
is optimal. Additionally, on top of this, we plot the fun-
damental bound given by (5) for M = 6 states chosen so
that it equals the quasi-degeneracy of the ground man-
ifold of our system in strong repulsion regime, g → ∞.
The envelope obtained for the few-fermion system is al-
ways below the fundamental bound. This is a direct con-
sequence of the structure of the energy spectrum which in
the case studied is different from the optimal structure
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FIG. 2: Quantum Fisher Information for a balanced system
of N = 4 fermions, as a function of temperature T , for dif-
ferent interaction strengths g. The blue envelope corresponds
to optimization of g for each value of T and approaches very
closely the fundamental bound (5) for M = 6 which is the
quasi-degeneracy of the ground state. For T ≥ 0.1 (shaded
area), when kBT becomes comparable with ~Ω, higher en-
ergy levels start to contribute and hence the envelope may
surpass the fundamental bound where only M = 6 levels are
considered. The QFI and temperature are measured in units
of (~Ω/kB)−1/2 and ~Ω/kB , respectively.
discussed in [17]. The energy levels form a degenerate
manifold rather than the gap structure between the iso-
lated state and M − 1 degenerated states. However, the
discrepancy between the fundamental bound and the en-
velope is less than 40% for any temperature. This is a
surprisingly good result taking into account that we con-
sider a naturally appearing level structure with only a
single tuning parameter g.
Naturally, reaching the sensitivity predicted by the
QFI requires measurements projecting the system onto
energy eigenbasis and it may be very difficult in practice.
From the experimental perspective, a much more feasible
option is particle population measurement on respective
single-particle orbitals. For the considered system the
most general basis of this type is spanned by the Fock
states of two-component mixture (7). In the following,
we consider three types of measurements prepared in the
Fock basis. Each of these measurements depends on the
resolution available in the many-body basis. Next, in
Fig. 3 we compare the Fisher information obtained for
these different measurement schemes and with the QFI
encoding the impassable bound for given experimental
realization.
The most general measurement in the Fock basis (7)
is based on simple projections of the many-body ther-
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FIG. 3: Different Fisher informations as a function of temper-
ature T calculated for strongly interacting system (g = 14) of
N↑ = N↓ = 2. The solid thick line corresponds to the Quan-
tum Fisher information FQ(T ) which defines an upper limit
for other Fisher information obtained via particular measure-
ment schemes. Other lines represent different variants of Fock
basis measurement: FFock(T ) – complete Fock states projec-
tion (solid thin line), FCoarse(T ) – measurement of total occu-
pation of the two lowest single-particle orbitals (dotted line),
FFermi(T ) – binary measurement of presence of a particle just
above the Fermi level (dotted-dashed line). See the main text
for details. The Fisher information and temperature are mea-
sured in units of (~Ω/kB)−1/2 and ~Ω/kB , respectively.
mal state ρˆT on a single many-body Fock state |Fi〉, i.e.,
pi(T ) = Tr(ρˆT |Fi〉〈Fi|). Corresponding FI, FFock(T ), is
shown in Fig. 3 with a solid thin line. As suspected, some
reduction of the temperature sensitivity is present. Al-
though this approach is very general, it requires many
accurate and demanding measurements of occupations
on all possible single-particle levels. Therefore, it is more
reasonable to assume that one has only limited access
to many-body Fock states and rather it is only possible
to perform measurements of coarse probabilities on some
low-lying single-particle orbitals. In the considered case
of four fermions, the simplest measurement of this kind
gives as an output the probability Pk of finding exactly
k = 0, . . . , 4 particles occupying two the lowest orbitals of
the harmonic trap [27]. This kind of measurements cor-
respond to coarse-grained projectors Pk =
∑
i |Fki 〉〈Fki |,
where summation runs over all Fock states having ex-
actly k particles in two the lowest orbitals. Simply, the
probabilities Pk are calculated straightforwardly by di-
viding the Fock basis {|Fi〉} to five independent subsets
having exactly k particles in chosen orbitals. We de-
note the corresponding FI as FCoarse(T ) and we plot it in
Fig. 3 with the dotted line. Obviously, the coarse-grained
measurements significantly reduce the number of possible
outcomes from the dimension of considered Hilbert space
to only five numbers. Therefore, reduction of FI is sus-
pected. Surprisingly, as seen in Fig. 3, this reduction is
only by one order of magnitude when compared to mea-
surements based on individual Fock states. These results
show that experimentally accessible measurements may
serve as appropriate and relevant tools from the metro-
logical point of view.
Finally, we also analyze the simplest measurement
from the experimental point of view. It is based on a
direct measurement of the probability of finding a par-
ticle with a given spin σ on a first excited state above
the Fermi sea of the non-interacting system. The mea-
surement results in a binary outcome {P, 1− P} related
to a single-particle number operator nˆσ,iF = aˆ
†
σ,iF
aˆσ,iF ,
where iF is an index of a first single-particle orbital above
the Fermi level of non-interacting system (in the case of
N↑ = N↓ = 2 particles iF = 3). The corresponding
FI, FFermi(T ), is displayed with the dotted-dashed line in
Fig. 3. As it is seen, the FI obtained for a binary out-
come is of the same order of magnitude as the FI obtained
via coarse-grained Fock space measurements and is only
two orders of magnitude smaller when compared to the
optimal QFI. Although the information obtained with
available experiments is reduced when simpler measure-
ment schemes are considered, even the elementary binary
measurement provides the sensitivity that is three orders
of magnitude higher than in the non-interacting case. As
such, a considered system forms a relatively good quan-
tum thermometer operating in the regime of tens of nK
(for standard trapping frequencies operating on the order
of kHz [27]).
The quantum thermometer can be practically utilized
only if there exists a route for weak coupling and ther-
malization with some other quantum system (in this case
some other ultra-cold gas) serving as a probe of unknown
temperature. In the considered case such a coupling is
indeed possible and can be carried out by any long-range
interaction leading to the unconstrained energy trans-
fer between systems without introducing significant cor-
relations. One of the possible paths is to exploit the
Rydberg-dressing technique [42, 43], i.e., the off-resonant
coupling of the probe and thermometer to two different
highly lying Rydberg states with different orbital quan-
tum numbers. Although, symmetric dressing results only
in overall static energy shift in both systems [44, 45], an
unsymmetric off-resonant coupling to different Rydberg
states results in weak Rydberg-dressed dipole-dipole in-
teractions [46]. In consequence, a direct exchange of an-
gular momentum and energy is present and may lead to
the thermalization. Nevertheless, it should be pointed
that the general problem of the thermalization in quasi-
one-dimensional systems is still a long-standing goal and
it is far beyond a scope of this work [47–50].
5V. CONCLUSIONS
Based on a parameter estimation theory we analyzed a
thermal sensitivity of a two-component mixture of ultra-
cold fermions confined in a one-dimensional harmonic
trap in terms of the Quantum Fisher Information. We
showed that the natural quasi-degeneracy of the many-
body spectrum puts the system as a good candidate for
an experimental realization of the quantum thermome-
ter which was recently proposed theoretically by Correa
et al. [17]. An essential advantage of the considered
setup is its potential tunability in the regime of temper-
atures on which the thermometer operates. The sensi-
tivity of the system can be controlled straightforwardly
by tuning inter-particle interactions and the trapping fre-
quency. Controllability is increased since the number of
states forming a quasi-degenerate manifold can be engi-
neered by changing the number of particles. In princi-
ple, the system can be deterministically coupled to other
quantum systems via the Rydberg dressing mechanism
which allows performing experimental validation of the
system. As shown, the Fisher information predicted for
experimentally accessible measurements is only two or-
ders of magnitude smaller than the fundamental bound
determined by the Quantum Fisher Information.
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